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A combined method making use of the advantages of the Mihailov criterion and factor division is presented. This
method is illustrated via a numerical example. Comparisons with the results in the current literature are given. The
unit step responses of the original system with the reduced models are drawn using MATLAB software package.
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INTRODUCTION

Systems of practical importance are often of high dimensiona-
lity. Quite often it is always desirable to represent such systems
by models of low order for the purpose of computer simulation
and/or control system design. The purpose of approximating a
high order system into a low order model is, therefore, of consid-
erable interest.

A wide variety of model reduction methods have been proposed
by the several authors in time domain, frequency domain, or a
combination of both. A large number of text books and research
monographs exclusively devoted to this topic alone1 − 3. The pur-
pose of this paper is to present a mixed method in which the
denominator of the reduced model is obtained by using Mihailov
criterion4 and then the numerator of the reduced model is found
by using the factor division method5, 6. The results are compared
with those obtained by Routh approximation method7 and Routh-
Hurwitz array method8.

STATEMENT OF PROBLEM

Consider an nth order linear time invariant dynamic single-input
single-output (SISO) system described in frequency domain by
the transfer function.

G(s)  =  
N(s)
D(s)

  =  

∑ 

i = 0

n − 1

 ai s
i

∑ 

i = 0

n

 bi s
i

(1)

where ai (0 ≤ i ≤ n − 1) and bi (0 ≤ i ≤ n) are scalar constants.

The corresponding kth (k < n) order reduced model is of the form
:

Rk (s)  =  
Nk (s)
Dk (s)

  =  

∑ 

i = 0

k − 1

 di s
i

∑ 

i = 0

k

 ei s
i

(2)

where di (0 ≤ i ≤ k − 1) and ei (0 ≤ i ≤ k) are scalar constants.

In this paper, assuming the original system described by equation
(1), the problem is to find a reduced order model in the form of
equation (2) such that the reduced model retains the important
characteristics of the original system and approximates its re-
sponse as closely as possible for the same type of inputs.

METHOD OF MODEL REDUCTION

This method consists of two steps.

Determination of the Denominator of the Reduced Model

The procedure4 for determining the reduced denominator Dk (s)
is briefly described below :

Substituting  s  =  jω in D (s) and separating into real and imagi-
nary parts, gives

D (jω) = b0 + b1 (jω) + b2 (jω)2 + . . . . . . . + bn − 1 (jω)n − 1

             + bn (jω)n

           = (b0 − b2 ω2 + b4 ω4 − . . . . . . . ) + j (b1 ω − b3 ω3

             +  b5 ω5  −  . . . . . . . )

           =  φ (ω)  +  j ψ (ω) (3)

where

ω is the angular frequency in rad/sec.

Setting φ (ω) = 0 and ψ (ω) = 0, the intersecting frequencies
ω0 = 0, ± ω1, ± ω2, . . . . . . . ., ± ωn − 1, are obtained where |ω1| <

|ω2| < . . . . . . . < |ωn − 1|.

Similarly substituting  s  =  j ω in Dk (s), gives

Dk (jω)  =  ξ (ω)  +  j η (ω) (4)

where
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ξ (ω)  =  e0  −  e2 ω2  +  e4 ω4  −  . . . . . . .

and

η (ω)  =  e1 ω  −  e3 ω3  +  e5 ω5  −  . . . . . . .

If the reduced model is stable, its Mihailov frequency charac-
teristic must intersect k times with abscissa and ordinate alter-
nately in the same manner as that of the original system. In other
words, k roots of ξ (ω)  =  0 and η (ω)  =  0 must be real and
positive and alternately distributed along the ω-axis. So, the first
k intersecting frequencies 0, ω1, ω2, . . . . . . ., ωk − 1 are kept

unchanged and are set to be the roots of ξ (ω)  =  0 and
η (ω)  =  0.

Therefore,

ξ (ω)  =  λ1 (ω2  −  ω1
2) (ω2  −  ω3

2) (ω2  −  ω5
2) (5)

η (ω)  =  λ2 ω (ω2  −  ω2
2) (ω2  −  ω4

2) (6)

where the values of the coefficients λ1 and λ2 are computed from
φ (0)  =  ξ (0) and ψ (ω1)  =  η (ω1), respectively.

Putting these values of λ1 and λ2 in (5) and (6) respectively,
ξ (ω) and η (ω) are obtained and Dk (jω) is found as :

Dk (jω)  =  ξ (ω)  +  jη (ω) (7)

Now replacing jω by s, the kth order reduced denominator
Dk (s) is obtained.

Determination of the Numerator of the Reduced Model

After obtaining the reduced denominator, the numerator of the
reduced model is determined, so that the kth order reduced model
Rk (s)  retains the first ‘t’ time moments and ‘m’ Markov parame-

ters of the original system where t + m = k.

Now, from (1), the numerator N(s) of the original system G(s) is

N (s)  =  Nt (s)  +  Nm (s)  +  Nr (s) (8)

where

Nt (s)  =  a0  +  a1 s  +  . . . . . . .  +  at − 1 s
t − 1

Nm (s)  =  an − 1 s
n − 1 + an − 2 s

n − 2 + . . . . . . .  +  an − m sn − m

and

Nr (s)  =  at s
t  +  at + 1 s

t + 1  +  . . . . . . .  +  an − m − 1 s
n − m − 1

Then the original system G (s) may be written as

G (s)  =  
N (s)
D (s)

  =  
Nt (s)
D (s)

  +  
Nm (s)
D (s)

  +  
Nr (s)
D (s)

(9)

Out of which Nt (s) ⁄ D (s) and Nm (s) ⁄ D (s) contribute to compute

the first ‘t’ time moments and ‘m’ Markov parameters, respec-
tively, to be retained in the reduced model. So, Nr (s) ⁄ D (s) may

effectively be ignored for the reduction purposes6.

Computation of Time Moments

Following Lucas5 the time moments αi (0 ≤ i ≤ t − 1) are deter-

mined as :

Nt (s)  Dk (s)  =  (a0  +  a1 s  +  . . . . . . .  +  at − 1 s
t − 1)  ×

                          (e0  +  e1 s  +  . . . . . . .  +  ek − 1 s
k − 1  +  ek s

k)

                      =  P0  +  p1 s + . . . . . . . + pt − 1 s
t − 1 + . . . . . . .

                          +  pt + k − 1 s
t + k − 1

and

D (s)  =  b0  +  b1 s  +  . . . . . . .  +  bt − 1 s
t − 1  +  . . . . . . .  

             +  bn − 1 s
n − 1  +  bn s

n

α0  =  
p0

b0
 〈 

p0

b0
    

p1

b1
    

. . .   . . .   . . .

. . .   . . .   . . .    
pt − 1
bt − 1

α1  =  
q0

b0
 〈 

q0

b0
    

q1

b1
    

. . .   . . .

. . .   . . .    
qt − 2
bt − 2

α2  =  
r0

b0
 〈 

r0

b0
    

r1

b1
    

. . .

. . .
    

rt − 3
bt − 3

(10)

………………………………………

………………………………………

αt − 2  =  
u0

b0
 〈 

u0

b0
     u1

b1

αt − 1  =  
v0

b0
 〈 

v0

b0

where

qi  =  pi + 1  −  α0 bi + 1      0 ≤ i ≤ t − 2

ri  =  qi + 1  −  α1 bi + 1      0 ≤ i ≤ t − 3 (11)

………………………

………………………

v0  =  u1  −  αt − 2 b1

Computation of Markov Parameters

Following Lucas6 the Markov parameters βi (1 ≤ i ≤ m) are deter-

mined as :

Nm (s) Dk (s)  =  (an − 1 s
n − 1  +  an − 2 s

n − 2  +  . . . . .

                          +  an − m sn − m) (ek s
k  +  ek − 1 s

k − 1

                          +  . . . . .  +  e1 s  +  e0)

                      =  g1 s
n + k − 1  +  g2 s

n + k − 2  +  . . . . .  

                          +  gm sn + k − m  +  . . . . .  +  gk + m sn − m

and

D (s)  =  bn s
n  +  bn − 1 s

n − 1  +  . . . . .  +  bn − m + 1 s
n − m + 1

             +  . . . . .  +  b1 s  +  b0

8 IE(I) Journal-EL





The comparison of various order reduction methods is given in
Table 1 and the unit step responses of the reduced models with
that of the original system are shown in Figure 1.

CONCLUSION

This method is computationally simple and efficient. It avoids
calculating the initial time moments and Markov parameters of
the original system. It gives the stable reduced system if the
original system is stable. The given example shows that a number
of different reduced models of the same order may be obtained in
a straight forward manner, once the reduced denominator has
been obtained. The cumulative error ‘J’, for the system consid-
ered, is lesser than those with Routh approximation and Routh-
Hurwitz array methods. This method may be extended to
multivariable system reduction and is reported elsewhere.
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Table 1 Comparison of methods

Method of Reduction Reduced Model Output at t = 10 sec Cumulative Error ‘J’ at 10 sec

Proposed mixed method with t = 2 and m = 0 R2
1 (s) = 

11.903620 + 22.532255s

1.190362 + 3.145997s + s2

0.99754350E + 01 0.19215930E + 01

Proposed mixed method with t = 1 and m = 1 R2
2 (s) = 

11.903620 + 14.000000s

1.190362 + 3.145997s + s2

0.99291550E + 01 0.81149060E + 01

Routh approximation method R2
3 (s) = 

13.333340 + 10.000000s

1.333334 + 2.000000s + s2

0.99995990E + 01 0.70031330E + 03

Routh-Hurwitz array method R2
4 (s) = 

13.043478 + 9.046283s

1.304348 + 1.701323s + s2

0.99996710E + 01 0.68032950E + 03
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