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This paper presents a method of evolving the equivalent cost functions of plants having multiple generating units.
The inequality capacity constraints placed on the units are also taken into account. The use of orthogonal
polynomials (OP) will give a very convenient means to obtain the equivalent cost function. This method is sufficiently
accurate and easy to implement for real time operation and control of power system. The method does not place
any restriction either on the number of plants or on the number of generating units in any plant. The method can be
extended directly to evolve the equivalent cost function of plants, in any power system having many areas. The
validity of this method is demonstrated with an example system.
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INTRODUCTION

Normally in any power system, each generating plant will be
having more than one generating unit. Each of the unit may be
having identical or different capacities. Invariably, let the cost
curves of identical units be a quadratic function of unit genera-
tions and may differ from one another1 − 3. It is customary to have
a number of units together at a place rather than having a huge
single generator in order to have a better system reliability and
convenient maintenance schedule. In order to reduce the compu-
tational effort, it is better to make available an equivalent cost
function of plant involving the units.

A system with ‘M’ generating plants each having ‘N’ generating
units is considered. The cost functions are assume as quadratic in
nature, the cost functions of the units j of the ith plant are given
as

Fij  =  aij Pij
2   +  bij Pij  +  cij      j = 1, 2 . . . . .  N (1)

where the subscript i stands for the plant and j stands for the unit
in that plant. When a known load PDi comes on plant i, then this

load should be shared by the individual units in an economical
manner. The optimum plant cost results, when the units in the
plant shares the load based on equal incremental production cost
given by1 − 3

2ai1 Pi1  +  bi1  =  λ

2ai2 Pi2  +  bi2  +  λ (2)

.....  .....  .....

2aij  Pij  +  bij   =  λ

Many analytical methods are available for evaluating the equiva-
lent cost functions of plant with multiple generating units4 − 6. The

method of orthogonal polynomials7 provides an easy way of
arriving at the equivalent cost functions. The proposed method
has been tested on a sample system and the results are presented.

POLYNOMIAL REGRESSION

In many applications, the regression of y on x is assumed to be a
polynomial function. It is assumed that each observation yu is

randomly drawn from a normal distribution with mean

ηu  =  µyu
 ⁄ x  =  α  +  β1 xu  +  . . .  . . .  

+  βq xu
q  (u  =  1,  . . .,  n) (3)

and variance σ2, where q is the degree of the polynomial to be

fitted. If piu  =  xu
i   (i  =  1,  . . .,  q) is substituted in equation (3),

the regression equation becomes,

ηu  =  α  +  β1 p1u  +  . . . .  +  βq pqu (4)

which is linear in p1,  p2,  . . . .,  pq. Applying the methods of

multiple linear regression a sum of products becomes a sum of
power of xu, that is

∑ 
u

p1u p2u  =  ∑ 
u

 xu
1 xu

2  =  ∑ 
u

xu
3 (5)

Thus in addition to solving normal equations, one must also find
sums of powers of xu from 1 to 2q when fitting a qth degree

polynomial. This increases the amount of computation rapidly, as
the degree of polynomial increases. This drawback is overcome
by the method of orthogonal polynomials, suggested by R A
Fisher8, wherein each of the coefficients in the polynomial is
independent of the other, so that each of them can be calculated
independently.

If the values of x are at unit intervals9 − 10 it is always possible to
express equation (4) in the form

ηu  =  α′  +  β′1 p′1u  +  . . .  . . .  +  β′q p′qu  
(u  =  1,  . . .,  n) (6)
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where α′,  β′1,  . . . .,  β′q are parameters and p′1,  . . .,  p′q are

orthogonal polynomials in x of degrees 1, . . . ., q respectively.
Two polynomials p′i and p′j (i  ≠  j) are orthogonal when

∑ 

u

 p′iu p′ju  =  0 (7)

that is,  when the products of the polynomials evaluated at x1, . .
. . ., xn sum to zero. The first three orthogonal polynomials are

p′1  =  γ1 (x − x
_
)

p′2  =  γ2 



(x − x

_
)2  −  (n2 − 1) ⁄ 12




(8)

p′3  =  γ3 



(x − x

_
)3 − (x − x

_
) (3n2 − 7) ⁄ 20




where for fixed n, the γi are constants chosen so that values of

p′iu are integers reduced to their lowest terms. If

p′′i  (i  =  1, 2, 3, 4) denotes the polynomial on right hand side of

equation (8), other polynomials may be obtained from the recur-
sion formula

p′′i + 1  =  p′′i p′′1  −  [i2 (n2  −  i2) ⁄ 4 (4i
2  −  1)] p′′i − 1

(i = 2, 3,  . . .,  q − 1) (9)

If x0 is any integer, so that x0, x0 + 1, x0 + 2, x0 + 3 are four
consecutive integers, using equation (8), it is easy to compute the
values of polynomials for n = 5 as in Table 1.

The least-squares estimators a′,  b′1,  . . .,  b′q of α′, β′1, . . . ., β′q
respectively, are found by solving the normal equations

.na′

0

. . . .

0

  

+

+

+

  

0

(∑ p′iu2) b′i

0

  

+

+

+

  

. . . .

. . . .

. . . .

  

+  0

+  0

. . . .

+  (∑ p′qu2) b′q

  

=  ∑ yu

=  ∑  p′iu yu

. . . .

=  ∑ p′qu yu

 















(10)

The ease with which the solutions are found is one of the advan-
tages of orthogonal polynomials8 − 11. The solutions are

.

a′  =  
∑ yu

n
  =  y

_

b′i  =  

∑ 
u

p′iu yu

∑ p′iu
2

  =  
∑ p′iu yu

ki
  (i  =  1,  . . . .,  q)

    















(11)

A great advantage is due to the fact that the coefficients
a′,  b′1,  . . .,  b′q are independently distributed. Thus, any regres-

sion coefficient b′i and the corresponding regression sum of

squares.

b′i  ∑ 

u

p′iu yu  =  

(∑ 
u

p′iu yu)2

ki
  =  b′i

2 ki   (i = 1,  . . .,  q) (12)

may be found directly. Also, the cubic regression equation, for
example, can be found directly from the quadratic regression
equation by simply adding on the term b′3 p′3. Further, the signifi-
cance of b′3 can be assessed by comparing with the independently
distributed residual mean square.

SSy  −  b′12 k1  −  b′22 k2  −  b′32 k3

n − 1 − 3
(13)

where SSy  =  ∑ (yu − yu

__
)2

IMPLEMENTATION OF THE METHOD

Suppose there are N units in a plant which are to be combined into
a composite unit, then a composite cost curve for unit 1, 2, . . . .,
N can be developed as

Fs (Ps)  =  F1 (P1)  +  . . . .  +  FN (PN)

where Ps  =  P1  +  P2  . . . .  +  PN.

and dF1
 ⁄ dP1  =  dF2

 ⁄ dP2  =  dF3
 ⁄ dP3  =  . . . .  =  λ

If one of the units hits limits, its output is held constant.

A simple procedure to allow one to generate Fs (Ps) consists of

adjusting λ values from λmin to λmax in specified increments,
where

λmin  =  min [dFi
 ⁄ dPi,   i  =  1,  . . . .,  N]

λmax  =  max [dFi
 ⁄ dPi,    i = 1,  . . . .,  N]

At each increment, the total fuel consumption and the total power
output for all the units are calculated. These points represent
points on the Fs (Ps) curve (composite curve) as shown in Figure

1.

The three generating units of plant 1 from the numerical example
given below are to be combined into a composite unit. Lambda
(λ) was stepped from 2.18 to 5.192. At each increment, three

Table 1  R A Fisher’s table of orthogonal polynomials when n = 5

Consecutive
Integers

x − x
_
 p′′1 (x − x

_
)2 − 2 p′′2 (x − x

_
)3 −  3.4

(x − x
_
) p′′3

(x − x
_
)4 − 4.428

(x − x
_
)2 + 2.057 p′′4

1p′′1 p′1 1p′′2 p′2 (5/6) p′′3 p′3 (35/12) p′′4 p′4

x0 − 2    2        − 1.2       0.345         − 2       2      − 1       1       

x0 + 1 − 1    − 1        2.4       − 1.371         − 1       − 1      2       − 4       

x0 + 2 0    − 2        0       2.057         0       − 2      0       6       

x0 + 3 1    − 1        − 2.4       − 1.371         1       − 1      − 2       − 4       

x0 + 4 2    2        1.2       0.345         2       2      1       1       

x
_
 = (0 + 1 + 2 + 3 + 4)/5 = 2            Obtained from equation (8)
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ε  =  
x − A1

h ⁄ 2
 if the number of observation is even

where h is the length of interval; A, the middle value (item) of
data and A1 is the Arithmetic mean of the two middle values of
the data.

For the example, if ε  =  (Ps − 220) ⁄ 100  =  0.01  Ps  −  2.2

Then,

p′1  =  (0.01 Ps − 2.2)  and  p′2  =  (0.01 Ps  −  2.2)2 − 2 (15)

where γ1 = γ2 = 1 (from Table 1).

Substituting equation (15) in the equation (14), and simplifying
gives the following function in terms of Ps.

0.0036055 Ps
2  +  2.163 Ps  +  279.4018 (16)

which is the required parabolic fit.

NUMERICAL EXAMPLE

A sample system with three plants each having three units is
selected for demonstration of the method along with inequality
capacity.

PLANT 1 (20 ≤ P1 ≤ 450)

F11  =  0.009 P11
2   +  2.00 P11  +  80.0 (10  ≤  P11  ≤  200)

F12  =  0.010 P12
2   +  2.10 P12  +  95.0 (10  ≤  P12  ≤  150)

F13  =  0.015 P13
2   +  2.40 P13  +  105.0 (0  ≤  P13  ≤  100)

PLANT 2 (25 ≤ P2 ≤ 250)

F21  =  0.020 P21
2   +  1.45 P21  +  85 (10  ≤  P21  ≤  100)

F22  =  0.030 P22
2   +  1.40 P22  +  100 (5  ≤  P22  ≤  75)

F23  =  0.035 P23
2   +  1.90 P23  +  120 (10  ≤  P23  ≤  75)

PLANT 3 (25 ≤ P3 ≤ 225)

F31  =  0.015 P31
2   +  1.95 P31  +  60.0 (10  ≤  P31  ≤  102)

F32  =  0.020 P32
2   +  2.05 P32  +  80.0 (10  ≤  P32  ≤  73)

F33  =  0.025 P33
2   +  2.109 P33  +  100.0 (5  ≤  P33  ≤  50)

Assuming all the available units in each plant are participating in
meeting the system load, and they are operating within the capac-
ity limits, the equivalent cost function of all the 3 plants are found
by the orthogonal polynomial method. The effectiveness  of the
proposed technique is well established by comparing the equiva-
lent cost functions of plants obtained by OP method with the
reference no 4 as shown below.

BY OP Method

Plant 1 :

F1 = 0.0036055 P1
2 + 2.1630 P1 + 279.4018

Plant 2 :

F2 = 0.008933 P2
2 + 1.561 P2 + 304.20

Plant 3 :

F3 = 0.006375 P3
2 + 2.0214 P3 + 240.456

By Ref No 4

Plant 1 :

F1 = 0.0036 P1
2 + 2.1680 P1 + 278.2933

Plant 2 :

F2 = 0.00894 P2
2 + 1.5500 P2 + 303.8125

Plant 3 :

F3 = 0.00638 P3
2 + 2.0225 P3 + 239.8281

The result called Fs approx given in Table 2 and shown in the

Figure 1 (by OP method) was calculated by fitting a second order
polynomial to the Ps and Fs points by orthogonal polynomial (OP

method). Figure 1 shows that, the equivalent cost function ob-
tained by OP method closely fits the composite cost curve got by
classical method.

Table 4 Analysis of variance for numerical example (Plant 1)

Source of Variation Sum of Squares Degree of Freedom Mean Square F Ratio =
Regression/Residual

Total ∑ Fs
2 = 64.422 × 105 5

Residual from mean ∑ (Fs − F
__

s)
2 = SSy = 14.24091 × 105 4

Linear regression ∑ (p′1 Fs)
2

∑ p′12
 = 14.0589 × 105

1 14.058 × 105 77.2424

Residual from Linear 0.18201 × 105 3 6067 (by equation 13)

Quadratic regression ∑ (p′2 Fs)
2

∑ p′22
 = 0.18199 × 105

1 0.18199 × 105 9099.5

Residual from quadratic 2.00 2 1 (by equation 13)

Cubic regression ∑ (p′3 Fs)
2

∑ p′32
 = 0.06577

1 0.06577 0.03400

Residual from cubic 1.93423 1 1.93423 (by equation 13)
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The proposed method is also applicable to discontinuous cost
characteristics, the procedure is, starting from minimum to maxi-
mum value of power output of the units, the above mentioned
procedure is to be repeated for each range of plant output, to get
a suitable fit.

CONCLUSIONS

Various methods of evolving the equivalent cost curves of units
in a plant are available in the literature. This paper describes a
novel approach of evolving the equivalent cost curves using
orthogonal polynomial technique. Moreover the use of orthogo-
nal polynomials will give us a very convenient method of deter-
mining, step by step, the goodness of fit of the polynomials curve.
There is no limit on the number of units in any plant and units can
have their own capacity constraints.
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