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This paper presents a new technique of dynamic state estimation (DSE), utilising a robust filtering scheme. The
method is derived from the statistical approach of M-estimation. Also a new model for the dynamics of the power
system is presented. The proposed scheme of DSE has been tested on IEEE 30-bus and 118-bus test systems under
normal and bad data conditions. The performance of the proposed scheme of DSE has been assessed for both the
filtering and prediction stages and compared with that for Extended Kalman filter (EKF). The error analysis
presented, reveals the superiority of the proposed scheme in presence of bad data.
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NOTATION

E : expectation operator

H : jacobian matrix

h 


x





: nonlinear function relating z and x

I : complex bus current

k : a time sample

m : number of measurements (m > n)

n : number of states

R : covariance matrix of ν
S : complex bus power

tc : tuning constant

V : complex bus voltage

w ,  ν : real random variables with properties of white
noise

wc : complex random variable with properties of
white noise

x : state vector

Y : bus admittance matrix

YI : equivalent complex admittance for bus injec-
tion

z : power system measurements

∑ : filtering or prediction error covariance

^ : filtered or estimated value

~ : predicted value

INTRODUCTION

To oversee an electrical power system in efficient, economic and
secure manner, it is utmost important to be acquainted with the
states, both at present time instant and one step ahead, for a
particular network topology and loading condition. It is DSE in
electric power system, which apprises of the aforesaid informa-
tion. The one step ahead prediction based on modelling of system

dynamics furnishes the predicted data base, necessary for opera-
tion and control strategies in either normal or abnormal circum-
stances for the next time instant. Besides the above benefits
improved detection and identification of bad data, topological
error and observability analysis are also acquired. At filtering
step, the states at present time instant are extracted from the
selected redundant imperfect power system measurements.

In designing a DSE, it is important to model the dynamics of the
complex bus voltages, due to their reliance on the continually

varying power system loads. The existing models1 − 3 not only fail
to depict the true behaviour of the power system dynamics but
also some of the parameters appearing in these models do not bear
any physical meaning. To override the limitations of the existing
models, a novel method has been considered in this paper to
model the dynamics of the power system, wherein, complex
voltage at any bus at any instant not only depends on its value at
the previous time instant but also on the last available change of
voltages at the buses to which it is connected.

At the filtering step the state of art is to use the EKF. Unfortu-
nately, the distribution of the measurement noise deviates fre-
quently from the assumed Gaussian model, characterized by
heavier tails, generating high intensity noise realizations called
outliers. In presence of outliers the performance of EKF de-
grades4, thus, there is considerable motivation to consider robust
filters to improve performance in non-Gaussian environments,
particularly in presence of outliers. Robust statistical procedures
involve methods to spot the outlying data points and reduce their
influence. Majority of the contributions in this area have been
directed towards censoring data5, 6, that is, if an observation differs
sufficiently from it’s predicted value, it is discarded. In this paper,
it is proposed to perform the filtering step robustly utilizing a

statistical approach, derived from M- estimation technique7 − 10.

The main aim of this paper is to present a new dynamic model of
the power system for the prediction step and at the filtering step,
a robust filtering scheme to treat the bad data more effectively.
So, change in operating conditions due to large change in load or
unscheduled outage of generating units or change in network
configuration have not been considered. Distinction of a sudden
change in operating condition due to one of the aforesaid reasons
from occurrence of bad data can easily be incorporated with the
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proposed scheme utilizing any of the suitable existing tech-
niques11.

PROPOSED SCHEME OF DSE

It is very important for both the prediction and filtering steps to
work in conjunction for satisfactory performance of a DSE. This
means, it is imperative to model the time behaviour of the com-
plex bus voltages accurately, as well as to use an efficient robust
filtering scheme. The proposed scheme of DSE consists of :

ll modelling of system dynamics and,

ll robust filtering.

SYSTEM DYNAMICS MODEL

The power system dynamics is represented by a pragmatic model,
derived from basic power system relations. At time instant k, the
current injection at ith bus can be expressed as :

Ii (k)  =  ∑ 

j = 1

nb

 Yij Vj (k) (1)

Also,

Ii (k)  =  
Si × (k)
Vi × (k)

  =  −  Vi (k)  ×  YIi (k) (2)

From Equations (1) and (2),

Vi (k)  =  −  [Yii  +  YIi (k)]
 − 1

  ∑ 

j = 1
j ≠ i

nb

 Yij Vj (k) (3)

Similarly for time instant (k + 1),

Vi (k + 1)  =  −  [Yii  +  YIi (k + 1)]
 − 1

  ∑ 

j = 1
j ≠ i

nb

 Yij Vj (k + 1) (4)

In equations (3) and (4) YIi (.) are much smaller to Yii. Hence,

[Yii  +  YIi (k + 1)]  ≈  [Yii + YIi (k)] (5)

So from equations (3) and (4),

Vi (k + 1)  ≈  Vi (k)  −  [Yii + YIi (k)]
 − 1

  ×  ∑ 

j = 1
j ≠ i

nb

 Yij [Vj (k + 1) − Vj (k)] (6)

Although, the power systems rarely attain a true steady state
operation, the magnitude of oscillations due to variation of loads
are in general small. So, it is justifiable to consider a quasi-static
operation, in which change in loads take place at the beginning
of each time sample and are instantaneously met by adjustment
of a generated power. So, under quasi-static operation with small
time  period  between  time  samples  (5 mins - 10 mins), it can
be  assumed  that  change in complex voltages from time instant
k to (k + 1)  are  nearly  same  as  that  of (k − 1) to k. Hence, it
can be written that the change in estimated complex voltage at jth
bus as :

[V̂j (k + 1 ⁄ k + 1) − V̂j (k ⁄ k)]  ≈  

         [V̂j (k ⁄ k) − V̂j (k − 1 ⁄ k − 1)] (7)

Considering equation (7), the proposed model of system dynam-
ics can be expressed from equation (6) as :

Vi (k + 1)  =  Vi (k) − [Yii + ŶIi (k ⁄ k)]
 − 1

  ×

                  ∑ 

j = 1
j ≠ i

nb

 Yij  [V̂j (k ⁄ k) − V̂j (k − 1 ⁄ k − 1)] + wci (k) (8)

In matrix form equation (8) can be expressed as :

V (k + 1) = V (k) − ŶN (k ⁄ k) 

V̂ (k ⁄ k) − 

V̂ (k − 1 ⁄ k − 1)

 + wc (k) (9)

where, ŶN (k ⁄ k) is a N  ×  N matrix with elements :

ŶNij  (k
 ⁄ k) = 













0

Yij  
Yii  + ŶIi (k

 ⁄ k)


 − 1

if  i  =  j  or  buses  i
and  j  not  connected

if  i ≠ j  or  buses i
and  j  connected

(10)

where, ŶIi (k
 ⁄ k) is given by,

ŶIi (k
 ⁄ k)  =  −  

Ŝi × (k ⁄ k)

V̂i (k ⁄ k)
2 (11)

Considering rectangular coordinate formulation,

V (.)  =  VR (.)  +  jVI (.) (12)

−  ŶN (k ⁄ k) V̂ (k ⁄ k) − V̂ (k − 1 ⁄ k − 1)
  =  uR (k) + juI (k) (13)

and,

wc (k)  =  wR (k) + jwI (k) (14)

Equation (9) can be rewritten in terms of rectangular coordinates
as :

x (K + 1)  =  x (k) + u (k) + w (k) (15)

where,

x (.)  =  VR
T (.),  VI

T (.)
T

(16)

u (k)  =  [uR
T (k),  uI

T (k)]
T

(17)

w (k)  =  [wR
T (k),  wI

T (k)]
T

(18)

The covariance matrix of w (k) is defined as :

Q (k)  =  E [w (k) wT (k)] (19)
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The prediction for equation (15) is :

x~ (k + 1 ⁄ k)  =  x̂ (k ⁄ k) + u (k) (20)

The prediction error covariance matrix is calculated as :

∑  (k  +  1 ⁄ k)  =  ∑  (k ⁄ k)  +  Q (k) (21)

FILTERING

In almost all the existing methods of DSE, the filtering step is
performed using the well known EKF, utilizing the power system
measurements and the predicted states. But it is recognized that
outliers, which arise from heavy tailed distributions or simply bad
data, have a degrading performance on the EKF, as the outliers
pull the ‘fit’ towards them and the examination of the residuals
become misleading because then their residuals look more like
normal ones. Hence, robust filtering techniques are needed to
reduce the influence of the outliers on the final estimates. A filter
is known to be robust, if it remains finite as one or more meas-
urements become arbitrarily large in any direction.

Proposed Robust Filtering Scheme

Let the nonlinear measurement model be :

z (k)  =  h 


x (k)



 + ν (k) (22)

Expanding h 


x (k)



 in Taylor series about x~ (k ⁄ k − 1) and neglect-

ing higher order terms,

ze (k)  =  H (k) x (k) + ν (k) (23)

where, the ‘effective’ measurement ze (k) is defined as :

ze (k)  =  z (k) − h 


x~ (k ⁄ k − 1)



 + H (k) x~ (k ⁄ k − 1) (24)

Multiplying both sides of equation (23) by R − 1 ⁄ 2 gives

y (k)  =  G (k) x (k)  +  γ (k) (25)

where

y (k)  =  R − 1 ⁄ 2 (k) ze (k) (26)

G (k)  =  R − 1 ⁄ 2 (k) H (k) (27)

γ (k)  =  R − 1 ⁄ 2 (k) ν (k) (28)

Most of the robust regression procedures are minimization prob-
lems and the M-estimates7, 8 are obtained from minimization of
the following loss function :

J 


x (k)



  =  ∑ 

i = 1

m

 ρ 






yi (k)  −  ∑ 

j = 1

n

 Gij  (k) xj (k)







(29)

where ρ (.) is a robust score function to cut off the ontliers. The

probability density function of γ (k) is considered to be Gaussian
like middle and heavier tails. The desirable feature is not only to
have high efficiency at Gaussian noise but also the influence

function ρ′ (.) is bounded and continuous. Accordingly, Huber’s

score function7 − 10 can be chosen for any argument ‘t’ as :

ρ (t)  =  











tc |t|  −  tc
2 ⁄ 2

t2 ⁄ 2
     

for  |t|  ≥  tc

for  |t|  <  tc

(30)

where, tc is a tuning constant, to provide high efficiency for

Gaussian model.

In order to obtain the optimum solution, the first partial derivative
of J 



x (k)



 with respect to each element of x (k) is equated to zero.

Thus,

∑ 

i = 1

m

 Gij  (k)  ρ′ 






yi (k)  −  ∑ 

j = 1

n

 Gij (k) xj (k)






  =  0 (31)

                                                      j  =  1, 2, . . . n

The set of equations (31) can be written in matrix form as :

GT (k) ψ [y (k)  −  G (k) x (k)]  =  0 (32)
where

ψ [y (k) − G (k) x (k)] = 

















 ρ′ 



y1 (k) − ∑  

j = 1

n
G1j (k) xj (k)





 .
 .
 .

 ρ′ 



ym (k) − ∑  

j = 1

n
Gmj (k) xj (k)




 

















(33)

Application of Newton’s method of solution for the set of equa-
tions (32) yields :

∆ x (k)  =  [GT (k) ∇ α (k) G (k)]
 − 1

 G (k) α (k) (34)

where

∇ α (k)  =  diag 

ρ′′ 



γ1 (x~ (k ⁄ k − 1))



,  . . . ,

                  ρ′′ 


γm (x~ (k ⁄ k − 1))






(35)

and,

α (k)  =  ψ 


y (k) − G (k) x~ (k ⁄ k − 1)




(36)

Since the nonlinearity of the score function ρ(.) is almost like a
quadratic function, it is reasonable that the filtering error covari-
ance matrix be calculated, using the same expression that is used
for EKF7 as :

∑ (k ⁄ k)  =  



HT (k) ,  R − 1 (k) H (k) + ∑  

 − 1

(k ⁄ k − 1)


 − 1

(37)

DESCRIPTION OF SIMULATION

The performance of the proposed scheme of DSE has been
evaluated by testing it on IEEE 30-bus and 118-bus test systems,
using simulations for both the normal and bad data conditions.
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The simulation study has been carried out over a period of 30 time
samples, varying the load from 70% to 120%. A jitter, represented
by a normally distributed random fluctuation with zero mean and
standard deviation of 2% is added to the load pattern for each bus.
The power factor of the load is assumed to be constant. The
corresponding adaptation to the load variation is taken care of by
the generator participation factors to preserve the overall power
balance. At each sampling instant, a load flow is performed using
the load and generation data as generated in the aforesaid manner
to obtain the true values of the state vector and the measurement
vector. The simulated measurements are obtained by adding with
the true values, a Gaussian noise with zero mean and standard
deviation of 2% for active and reactive power measurements and
0.2% for voltage magnitude measurements.

The bad data is simulated by adding an error to the aforesaid test
systems as follows :

1. For IEEE 30-bus test system at 8th time instant, at line
number 4, both the active and reactive power flows and at
18th time instant at line numbers 18 and 19, both the active
power flows are corrupted by adding error of magnitude
10 σ.

2. For IEEE 118-bus test system at 15th time instant, at line
number 4, both the active and reactive power flows are
corrupted by introducing error of magnitude 10 σ.

The prediction step is initialized by the load flow solutions5 for
the first two time instant, along with null covariance matrix

∑ (2 ⁄ 2). The elements of the diagonal matrix Q (k) has been

chosen arbitrarily5 as 10 − 6 and kept constant throughout the
simulation study. The tuning constants are chosen to provide high
efficiency for Gaussian noise10 as 1.1 and 1.2 times the maximum
absolute value of γ̂ (k  ⁄ k) during the normal operating conditions
for IEEE 30-bus and 118-bus test systems respectively.

Table 1 shows the number of measurements and redundancy
provided for the two test systems used in this paper.

PERFORMANCE ASSESSMENT

The test results are presented in terms of the following perform-
ance indices :

Filtering Step

The maximum absolute error in state is calculated as :

ef (k)  =  Max | x̂i (k ⁄ k) − xi
t (k) | (38)

               ∀∀ i

where, xt (k) represents the true value of the state vector.

The performance index J (k) is calculated as :

J (k)  =  
∑  

i = 1

m

| ẑi (k ⁄ k) − zi
t (k) |

∑  
i = 1

m
| zi (k) − zi

t (k) |
(39)

where, the ẑ (k ⁄ k) and zt (k) represent the filtered and true values
of the measurement.

Prediction Step

The maximum absolute error in state is calculated as :

ep (k)  =  Max | x~i (k ⁄ k − 1) − xi
t (k) | (40)

               ∀∀ i

The average absolute error in state is calculated as :

ap (k)  =  n − 1  ∑ 

i = 1

n

 | x~i (k ⁄ k − 1) − xi
t (k) | (41)

DISCUSSION OF RESULTS

The choice of explicit results to present is difficult as the number
of interesting outputs is very large. Hence, the performance of the
proposed scheme of DSE has been presented for the simulated
test conditions, in terms of the performance indices as mentioned
above. In order to show the filtering performance of the proposed
scheme, it has been compared with a DSE scheme utilizing EKF
at the filtering step and at the prediction step a system dynamic
model, as used in the proposed scheme of DSE.

It is found that the performance of the proposed scheme of
filtering is same as that of EKF under normal operating condi-
tions, which is also evident from the theory already discussed.
Therefore, the performance indices for normal operating condi-
tions are not presented, whereas, the performance under bad data
conditions are discussed below.

Smaller values of performance indices ef (k) and J (k) expresses

better filtering operation in reducing the uncertainty present in the
measurements. Figures 1 and 2 portray the time evolution of the
filtering performance indices ef (k) and J (k) for 30-bus and

118-bus test systems, respectively. It is found that on occurrence
of bad data in 30-bus test system at 8th and 18th time instant and
in 118-bus test system at 15th time instant, ef (k) [Figures 1(a) and

2(a)] for the proposed robust filtering scheme remain almost
unchanged whereas, the value of ef (k) for EKF is considerably

increased, showing poor filtering performance in presence of bad
data. In Figures 1(b) and 2(b), it is observed that, on occurrence
of bad data the performance index J (k) for the proposed scheme
of DSE reduces from normal level. It is due to the thresholding,
employed by the robust filter, which causes the estimates to
remain good, resulting almost unchanged numerator, whereas the
bad data increase the denominator. In case of EKF, estimates are

Table 1

Test System Total Measurements Redundancy

30-bus 132 2.24

118-bus 489 2.08
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