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A mixed method for the order reduction of multivariable systems is introduced in which the denominator polynomial
is obtained by using modified stability equation method and then the numerator polynomial matrix is obtained by
using Pade approximation method. This method is illustrated with a numerical example. Comparisons with the
current literature are given.
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INTRODUCTION

In  the  analysis and synthesis of a high order multivariable
system,  it  is  often  necessary  to  obtain a low order model so
that  it  may  be  used  for  an  analogue or digital simulation of
the system. A large number of publications on model order
reduction have been published. Various authors such as Chen1,
Genesio and Milanese2, Elrazaz and Sinha3, Pal and Prasad4,
Prasad, Pal and Pant5 , 6 and many others have studied extensively
different methods of model reduction. Among these order reduc-
tion methods, one of the popular approaches is Stability equation
method7. Later on, this method is combined with Pade approxi-
mation method8. An improved method for Pade approximants
using Stability equation method was proposed by Pal9. This paper
extends the method of Pal9 for the order reduction of multivariable
systems. 

Statement of Problem

Consider an nth order linear time invariant dynamic multivariable
system (q input - p output) described in frequency domain by the
transfer matrix :

G (s)  =  
N (s)
D (s)

 = 
A0 + A1 s + A2 s

2 + . . . . . + An − 1 s
n − 1

b0 + b1 s + b2 s
2 + . . . . . + bn − 1 s

n − 1 + bn sn

          =  

   ∑ 

k = 0

n − 1

  Ak s
k

   ∑ 

k = 0

n

 bk s
k

(1)

where Ak  =  aij
k
 p × q

         i  =  1, 2, . . . ., p

                                       j  =  1, 2, . . . ., q

                                       k  =  0, 1, 2, . . . ., n − 1

are the matrices of order p  ×  q

and bk  =  a0, k (k  =  0, 1, 2, . . . ., n − 1) are scalar constants.

The  corresponding  r th (r < n)  order  reduced  model is of the
form :-

Rr (s)  =  
N
__

 (s)
D
__

 (s)
  =  

B0 + B1 s + B2 s
2 + . . . . . + Br − 1 s

r − 1

e0 + e1 s + e2 s
2 + . . . . . + er − 1 s

r − 1 + er s
r

          =  

   ∑ 

k = 0

r − 1

  Bk s
k

   ∑ 

k = 0

r

 ek s
k

(2)

where Bk  =  bij
k
p × q

         i  =  1, 2, . . . ., p

                                       j  =  1, 2, . . . ., q

                                      k  =  0, 1, 2, . . . ., r − 1

are the matrices of order p  ×  q

and ek (k  =  0, 1, 2, . . . ., r − 1, r) are scalar constants.

In this paper, assuming the original system described by (1), our
problem is to find a reduced order model of the form (2) such that
the reduced model retains the important characteristics of the
original system and approximates its response as closely as pos-
sible for the same type of inputs.

METHOD OF MODEL REDUCTION

This method consists of two steps

Step 1

Determination  of  the  Denominator  Polynomial  of  the Re-
duced Model :

For stable original system G(s), the even and odd parts of its
denominator D(s) may be partitioned as the following stability
equations :

De (s)  =  a0, 0  Π
i = 1

k1

  



1  +  

s2

zi
2




(3)
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Do (s)  =  a0, 1 s  Π
i = 1

k2

  



1  +  

s2

pi
2





(4)

where k1 and k2 are the integer part of 
n
2

 and 
n − 1

2
, respectively

and 

z1
2  <  p1

2  <  z2
2  <  p2

2  <  . . . . .

By removing the factors with large magnitudes of zi and pi

reduced stability equation8, of order r1 is obtained as 

Dr1
 (s)  =  a0, 0   Π

i = 1




r1

2



  



1  +  

s2

zi
2



  +  a0, 1 s   Π

i = 1




r1 − 1

2





    



1  +  

s2

pi
2





(5)

Now reciprocating the denominator of the original system

D
~

 (s)  =  sn D 


1
s



  =  a0, 0 s

n  +  a0, 1 s
n − 1  +  a0, 2 s

n − 2 

  +  . . . .  +  a0, n − 1 s  +  a0, n (6)

and by the similar arguments (as described above),

D
~

r2
 (s)  =  a0, n   Π

i = 1




r2
2



  



1  +  

s2

zi
2




  +  a0, n − 1 s   Π

i = 1




r2 − 1

2





    

1  +  

s2

pi
2





(7)

Then the denominator of the rth order reduced model is given by

D
__

 (s)  =  Dr1
 (s)  Dr2

 (s)

where Dr2
 (s) is the reciprocal of D

~
r2

 (s) and r  =  r1 + r2.

=  e1  +  e1 s  +  e2 s
2  +  . . . .  +  er − 1 s

r − 1  +  er s
r (8)

Step 2

Determination   of   the   Numerator    Polynomial  Matrix   of the
Reduced Model

After obtaining the reduced denominator polynomial, the nu-
merator polynomial matrix of the reduced model is determined.
For this, the power series expansion of the original system G(s)
are obtained about s = 0 and s = ∞, respectively10 , 11 ie,

G (s)  =   ∑ 

l = 0

∞

  Tl s
l          (about  s  =  0) (9)

where Tl  =  [t′ij] p × q

and

G (s)  =   ∑ 

l = 1

∞

  Ml s
 − l      (about  s  =  ∞) (10)

where Ml  =  [m′ij] p × q

Here Tl and Ml are the matrices proportional to lth time moment

and lth Markov parameter of the original system G(s), respec-
tively.

Assuming that Rr (s) and G (s) have identical first α time mo-

ments and β Markov parameters where α + β = r, the coefficients
of the numerator polynomial matrix are obtained uniquely by
solving the following set of linear simultaneous equations :

.B0  =  e0 T0

B1  =  e0 T1  +  e1 T0

B2  =  e0 T2  +  e1 T1  +  e2 T0

. . . . . . . . . . . .
Bα − 2  =  e0 Tα − 2  +  e1 Tα − 3  +  . . . . .  +  

eα − 3 T1  +  eα − 2 T0

Bα − 1  =  e0 Tα − 1  +  e1 Tα − 2  +  . . . . .  +  
eα − 2 T1  +  eα − 1 T0

Bα  =  er Mβ  +  er − 1 Mβ − 1  +  . . . . .  +  
er − β + 2 M2  +  er − β + 1 M1

Bα + 1  =  er Mβ − 1  +  er − 1 Mβ − 2  +  . . . . .  +  
er − β + 3 M2  +  er − β + 2 M1

. . . . . . . . . . .

. . . . . . . . . . . .
Br − 2  =  er M2  +  er − 1 M1

Br − 1  =  er M1

      





























(11)

Then the numerator of the rth order reduced model is given by

N
__

 (s)  =  B0  +  B1 s  +  B2 s
2  +  . . . . .  Br − 1 s

r − 1 (12)

and thus in view of equations (8) and (12), the rth order reduced
model is obtained in the form of equation (2).

NUMERICAL EXAMPLE

Consider the sixth order system described by the transfer ma-
trix12, 13

G (s)  =  












2 (s + 5)
(s + 1) (s + 10)

s  +  10

(s + 1) (s + 20)

    

s  +  4

(s + 2) (s + 5)
s + 6

(s + 2) (s + 3)












=  





g11 (s)
g21 (s)

   
g12 (s)
g22 (s)





D (s)

where gij (s) (i, j = 1, 2) are the appropriate polynomials of degree
five in s and the common denominator is 

D (s) = s6 + 41s5 + 571s4 + 3491s3 + 10060s2 + 13100s + 6000

A few initial time moments and Markov parameters of the original
system G (s), obtained by expanding G (s) about s = 0 and s = ∞,
respectively, are given by

T0  =  




− 1
− 0.5

   
− 0.4
− 1




  T1  =  


0.9

0.475
   0.18

0.666667



  

T2  =  




− 0.89
− 0.47375

   
− 0.086

− 0.388889




M1  =  

2
1
   1

1



    M2  =  





− 12
− 11

   
− 3
1



    M3  =  


112
211

   11
11



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Then using the above described procedure, the second order

reduced models which retain α time moments and β Markov

parameters from G (s) where α + β = 2, are given by

r1 = 2,  r2 = 0

α = 2,  β = 0
   

R2
1 (s)  =  





0.618082 + 0.793205s
0.309041 + 0.381151s

   
0.247233 + 0.428537s
0.618082 + 0.937424s





0.618082  +  1.349479s  +  s2

r1 = 1,  r2 = 1

α = 2,  β = 0
   

R2
2 (s)  =  





18.778626 + 24.557252s
9.389313 + 11.80916s

   
7.51145 + 13.203053s
18.778626 + 28.938925s





18.778626  +  41.458015s  +  s2

r1 = 0,  r2 = 2
α = 1,  β = 1

   R2
3 (s)  =  





552.791598 + 2s
276.395799 + s

   
221.116639 + s
552.791598 + s





552.791598  +  41s  +  s2

R2
4 (s)  =  





0.8052 + 0.821549s
0.4026 + 0.39484s

   
0.32208 + 0.477771s
0.8052 + 1.060733s





0.8052  +  1.401525s  +  s2

                                       (by Routh- Hurwitz array method)

COMPARISON OF METHODS

In order to test the effectiveness of the proposed method, the given
numerical example is also reduced by Routh-Hurwitz array
method14. For the purpose of comparing various models, a cumu-
lative error index ‘J’ is taken as:

J  =  ∑ 

i = 0

N

 [Y (ti)  −  Yr (ti)]
2

Table 1 Comparison of methods

Original System Reduced Model Output at t = 10 s Cumulative Error ‘J’ at 10 s

g11
1 0.618082 + 0.793205 s

0.618082 + 1.349479 s + s2

0.10004670E + 01 0.10888770E − 01

g11
2 18.778626 + 24.557252 s

18.778626 + 41.458015 s + s2

0.99330370E + 00 0.15402990E − 01

g11
3 552.791598 + 2 s

552.791598 + 41 s + s2

0.99998960E + 00 0.12210400E + 00

g11
4 0.8052 + 0.821549 s

0.8052 + 1.401525 s + s2

0.99917310E + 00 0.17832030E − 01

g12
1 0.247233 + 0.428537 s

0.618082 + 1.349479 s + s2

0.39993500E + 00 0.62164060E − 02

g12
2 7.51145 + 13.203053 s

18.778626 + 41.458015 s + s2

0.39782040E + 00 0.12296130E − 02

g12
3 221.116639 + s

552.791598 + 41 s + s2

0.39999620E + 00 0.20926660E − 02

g12
4 0.32208 + 0.477771 s

0.8052 + 1.401525 s + s2

0.99917310E + 00 0.34260930E − 01

g21
1 0.309041 + 0.381151 s

0.618082 + 1.349479 s + s2

0.50026860E + 00 0.22876880E − 02

g21
2 9.389313 + 11.80916 s

18.778626 + 41.458015 s + s2

0.49658260E + 00 0.43607390E − 02

g21
3 276.395799 + s

552.791598 + 41 s + s2

0.49999480E + 00 0.34700430E − 01

g21
4 0.4026 + 0.39484 s

0.8052 + 1.401525 s + s2

0.49960270E + 00 0.39976130E − 02

g22
1 0.618082 + 0.937424 s

0.618082 + 1.349479 s + s2

0.10001400E + 01 0.19823710E − 01

g22
2 18.778626 + 28.938925 s

18.778626 + 41.458015 s + s2

0.99395040E + 00 0.17114800E − 01

g22
3 552.791598 + s

552.791598 + 41 s + s2

0.99998800E + 00 0.49597810E − 01

g22
4 0.8052 + 1.060733 s

0.8052 + 1.401525 s + s2

0.99893080E + 00 0.21128060E − 01
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