
On-line Identification of ARX Model for Glucose-Insulin Interaction
in a Diabetic Patient from Input-Output Data
Prof A Sutradhar, Non-member

Prof A S Chaudhuri, Member

The instrumentation and closed loop control of blood glucose concentration in diabetic patients has become very
much important issue for the biomedical engineers. For maintaining normal level of blood glucose in the patient a
perfect patient modelling is required. This paper deals with an on-line algorithm to estimate the parameters of
multivariable physiological model of glucose-insulin interaction in a diabetic patient. The method of on-line
identification from  input-output data of the simulated patient model, in presence of meal disturbance and activity
noise, has been discussed. The Auto-Regression model with eXogenous input or ARX model identification has been
considered. The estimated output from the proposed identification scheme has been compared on-line with the actual
blood glucose output of the patient. A limited number of input and output data are required for determination of the
system matrices. When dealing with noisy data, the algorithm draws its excellent performance from repeated use of
numerically stable and auto- and cross-correlation functions of the input-output data. The algorithm returns the
parameters and gives the system model in state-space form.

Keywords : Diabetes Mellitus; Glucose-insulin interaction; ARX model; Least-square estimation; Cross-correlation function.

INTRODUCTION

Diabetes Mellitus is a group of clinical disorders of carbohydrate,
fat and protein metabolism, characterized by chronic high blood
glucose (BG) level or hyperglycaemia due to either deficiency of
insulin in the body (type-1), or resistance of its action  (type-2) or
both. In modern intensive therapy, the patient attempts to lead
normal life style by adjusting the therapy adaptively to daily
schedule of meals and exercise. Intensive management of type-1
and in some cases of type-2 patients requires continuous infusion
of insulin. A significant effort has been put forth toward the

development of the feedback control techniques(1−4) to maintain
normoglycaemia (BG level of 4.5 mmol/l or 81 mg/dl) in presence
of disturbances either by  external subcutaneous insulin pump or
through implantable insulin pump. For an implantable insulin
delivery control system, accurate on-line identification of the
physiological process model is necessary. The pharmacokinetic
and pharmakodynamic approach to fundamental compartmental
model discussed by Lehmann and Deutsch5 has been used by

several researchers(4−7), which performs mass balances in the
organs involved in glucose and insulin dynamics. The compart-
mental model of the glucose- insulin process along with the
implanted insulin delivery device is shown in Figure 1. The
sub-compartments such as those in the ‘brain’ and ‘periphery’,
are included where significant transport resistance (eg, time de-
lay) exists. In this model, ‘periphery’ represents the combined
effect of muscles and adipose tissue while the stomach and
intestine effects are lumped into the ‘gut’ compartment. A closed
loop insulin infusion system is considered which delivers the fast
acting preparatins of insulin every 5 min directly to the portal

circulation. As insulin is directly administered into the blood

stream via implanted pump, it may be assumed that the absorption

is almost instantaneous. Accordingly, the insulin absorption and

elimination rates have been modified from that given by

Lehmann, et al15 for continuous infusion through implantable

device. Similar to other biomedical applications, the human glu-

cose-insulin control problem has inherent input rate and magni-

tude constraints as well as output magnitude constraints and the

disturbances.

The identification techniques are discussed in many papers and

texts(8 − 15). Mahadevan13 and Sinha14 discussed about the on-line

and off-line identification of the process from input-output data.

Tresp, et al15 discussed a solution for missing data in case of blood

glucose measurements. Present paper deals with on-line identifi-

cation of the patient model from  input-output data. The control-

led output (y) for this system is the arterial glucose concentration,

which is regulated by the manipulted variable or control input (u),

the insulin infusion rate. The variables, ‘glucose input’ to the gut

compartment and the ‘activity condition’ of the patient are added

to the model as disturbances(4, 7). The model order is determined

by checking the correlation functions between finite number of

observations of input infusion rate and output BG level in the

patient. Useful properties of the dynamic system are dealt with

which are used to show, how a sequence of state vectors are

calculated on line. An Auto-Regression model with eXogenous

inputs(ARX model) and least square technique have been used to

identify the parameters of the physiological system. The recursive

technique applied to the present problem is elaborated next and

the SIMULINK implementation of the on-line identification from

input-output data is given at last.
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where, ε (k) is considered as a moving average (MA) sequence
given by

ε (k)  =  ∑ 

i = 1

N

 ε (k − i) + v (k) (6)

and, v (k) is a white noise innovation process with co-variances:

cov 

v (k) v (j)


 = 0  for  j ≠ k

and

cov 

v (k) v (j)


 ≠ 0  for j = k

ARX Model Indentification

There are cases where the disturbance signal does contain corre-
lation at the output sensor but cannot be measured before it enters
the plant. Here the input output glucose-insulin model is consid-
ered as an Auto Regressive model with eXogenous input only
(ARX model) with no moving average terms included, ie, in
equation (5), ε (k) is taken as zero mean random process. Thus
the equation for ARX model becomes:

y (k)  =  ∑  
i = 1

na
 ai y (k − i)  +  ∑  

i = 1

nb
 bi u (k − δ − i + 1) (7)

The estimation of ARX model requires the model orders (na, nb,
δ) of equation (7) to be specified. If the orders are chosen too
large, many parameters have to be estimated with a corresponding
loss of efficiency. On the other hand, if the orders are too small
then the estimates become inconsistent. Choice of model orders
thus involves a trade off between these two properties of identi-
fication. The identification problems of determining the black box
model structure is partially solved9 by computing sample cross-
correlation (ρuy) and auto-correlation (ρyy) functions from the

input output data expressed as :

.

ρuy (δ)  =  
1

N σu σy
  ∑ 

j = 1

N = δ

(u ( j) − µu) (y ( j + δ) − µy);

δ = 0, 1, 2, . . .,  δmax 

ρuy (− δ) = ρuy (δ);    δ = 1, 2, . . . ,  δmax 

  













(8)

Here  µu,  µy  and  σu
2 ,  σy

2  are respectively the sample means and
variances of the chosen input and output observation sequences. If
ρuy (δ) is significantly non-zero, for the lag orders

δ = δmin ,  . . . ,  0,  . . . ,  δmax, then it can be concluded that dy-

namic relationship exists between u and y for that value of δ. Thus
the lag order can be determined from these correlation factors
between the output measurements (auto-correlation) and between
the input and output measurements (cross-correlation).

ALGORITHM FOR RECURSIVE LEAST SQUARE
ESTIMATION OF ARX MODEL

In least square problem, the ‘computed variable’ ŷ is given by the
model

ŷ  =  θ1 ϕ1 (x)  +  θ2 ϕ2 (x)  +  . . .  +  θp ϕp (x) (9)

where ŷ is the ‘computed or estimated value of the variable y’,
ϕ1,  ϕ2,  . . . ,  ϕp are known functions of states x and

θ1,  θ2,  . . . ,  θp are the p number of unknown parameters of the
model  to be determined. Assuming all the measurements of



xi, yi




  pair have same precision, the least square estimate θ̂

minimizes the sum of squared errors :

J (θ)  =  ∑ 

k = 1

N

 e2 (k)  =  ||  e||  2  =  ||  y − ŷ||  2 (10)

=  ∑ 

k = 1

N

 

y (k)  −  θ1 ϕ1 (xk)  −  . . .  −  θp ϕp (xk)





2
(11)

=  ∑ 

k = 1

N

 [y (k)  −  ϕT (k) θk]
 2

(12)

where, k is the instant of measurement. Thus, for a sequence of last
N measurements from the kth instant, the output estimate for the
regression model (9) can be written as :

y  =  ŷ  +  e  =  FN θ  +  e (13)

where, FN  =  












ϕT (x1)
ϕT (x2)

:
.

ϕT (xN)












  =  












ϕ1 (x1)
ϕ1 (x2)

:
.

ϕ1 (xN

   

ϕ2 (x1)
ϕ2 (x2)

:
.

ϕ2 (xN)

   

. . .

. . .
:
.

. . .

   

ϕp (x2)
ϕp (x2)

:
.

ϕp (xN)












                            =  












y (k − 1)
y (k − 2)

:
.

y (k − N + 1)

   

. . .

. . .
:
.

. . .

   

u (k − 1)
u (k − 2)

:
.

u (k − N + 1)

   

. . .

. . .
:
.

. . .












yN  =  







y (k)
:
.

y (k − N )







 ,  eN  =  








e (k)
:
.

e (k − N )







 ,  ϕ  =  








ϕ1

:
.

ϕp







 , 

and the parameters

θ  =  







θ1

:
.

θp







  =  a1  . . .  ana   b1  . . .   bnb

T

, p = na + nb

This is obtained by projecting y onto the column space of F, so that
FN

T (y − FN θ̂) = 0. Assuming that rank (F) = p. The least square

estimates of parameter θ for minimum J are obtained by putting,

δJ

δθ
  =  0

⇒  2 






∑ 

i = 1

N

 ϕT (i) ϕ (i)






 θ̂ (N )  =  2 







∑ 

i = 1

N

 ϕT (i) y (i)







⇒  θ̂ (N )  =  






∑ 

i = 1

N

ϕT(i) ϕ(i)







 − 1

 






∑ 

i = 1

N

ϕT(i) y(i)







= [FN
T FN]

 − 1
 FN

T yN (14)
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have been used to estimate the next value of parameters and
output in recursive fashion. The  MATLAB program was used to
study the off-line data for structure information and estimation of
model order. The on-line algorithm presented here gives the best
performance matching with the actual plant model. Though the
9th  order ARX model has been found to produce least error, the
lower order model can also be identified by the present scheme
when run with close loop control. The residues and SVD (singular
value decomposition) values give the idea of operating the system
in closed loop. Extensive simulations have demonstrated the
remarkable robustness of the identification scheme with respect
to noise and over-estimation and under-estimation of the system
order.
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